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Abstract
The near-collinear expansion of scattering amplitudes in maximally supersymmetric Yang-
Mills theory at strong coupling is governed by the dynamics of stings propagating on the five
sphere. The pentagon transitions in the operator product expansion which systematize the
series get reformulated in terms of matrix elements of branch-point twist operators in the two-
dimensional O(6) nonlinear sigma model. The facts that the latter is an asymptotically free field
theory and that there exists no local realization of twist fields prevents one from explicit calcula-
tion of their scaling dimensions and operator product expansion coefficients. This complication
is bypassed making use of the equivalence of the sigma model to the infinite-level limit of WZNW
models perturbed by current-current interactions, such that one can use conformal symmetry and
conformal perturbation theory for systematic calculations. Presently, to set up the formalism,
we consider the O(3) sigma model which is reformulated as perturbed parafermions.
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1 Introduction
The (regularized) S-matrix of planar maximally supersymmetric Yang-Mills theory is equivalent
to the expectation value of the super Wilson loop WN living on a null polygonal contour with its
sides determined by the on-shell external particles’ momenta [1, 2, 3]. Making use of this duality,
the calculation of the expectation value can be cast in a systematic framework of the operator
product expansion (OPE) [4, 5] that allows one to determine the exact dependence on the ’t
Hooft coupling λ = g2YMNc/(4pi)
2. A generic representation of WN for a particular tessellation
reads
WN =
∑∫
U1,U2,...,UN−5
P (0|UN−5) . . . P (U 2|U 1)e−τ1E1+iσ1P1+iϕ1m1P (U 1|0) , (1.1)
where the P ’s are the pentagon transition amplitudes (see the left panel of Fig. 1 for a graphical
representation)
P (U |V ) = 〈V |T |U〉 (1.2)
defined as the matrix element of an operator T between states of excitations propagating on the
surface of the loop (or the world sheet of the evolving flux tube) parametrized by multidimensional
vectors U = (u, I) that cumulatively stand for particles’ rapidities and their O(6) indices with
respect to the R-symmetry group. Each of the N−5 intermediate states is accompanied by phases
describing their propagation, encoded in their energy E, momentum P and helicity m. From this
representation, it is immediately obvious that the expansion finds its immediate application to
the near-collinear limit, i.e., when τi → ∞, since one can limit oneself to the contribution with
the lowest number of massive particle in each resolution identity. This is a good approximation
for gluon and fermion excitations at any value of the coupling. However, this is not the case for
scalars which develop an exponentially small mass at strong ’t Hooft coupling and have to be
resummed [6, 7, 8]. These are the only propagating degrees of freedom in this regime and their
dynamics is governed by the two-dimensional O(6) sigma model.
The operator T defining the pentagon transition (1.2) can be viewed as a branch-point twist
operator [6]. The latter is being known for quite some time [9, 10, 11] and has recently found
its extensive use [12] in the computation of entanglement entropy at quantum critical points
[13, 14]. However, in distinction with that application, the “number n of replica sheets” for the
pentagon is a fractional number (see the right panel of Fig. 1), i.e., n = 5
4
, rather than being an
integer. One finds oneself in an immediate predicament with their use, however, as there exists no
explicit realization of twist field operators in terms of elementary local fields, except for fermions
[9, 10, 11] and the computation of their correlation functions becomes less straightforward for
asymptotically free theories. It is advantageous to looks at the latter as conformal field theories
(CFT) perturbed by relevant operators which drive them to strong coupling in the infrared
regime. As a consequence one can use conformal invariance of the ultraviolet theory to constrain
the correlation functions and find corrections making use of conformal perturbation theory. In
fact, the formulation of sigma models as perturbed conformal field theories was suggested a long
time ago [15]. In the present paper, we are going to start with the exploration of the O(3) sigma
model which receives a dual description as perturbed model of parafermions [16, 17, 18].
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Figure 1: The N → M particle pentagon transition (left panel) and its representation (right
panel) as a twist operator insertion into a two-dimensional Euclidean world sheet with a branch
cut running from the location of the operator insertion to infinity. The pentagon twist operator
creates an excess angle 1
4
(2pi).
2 Field theory for parafermions
The O(N ) sigma model can be represented as an infinite k-level limit of the coset Ok(N )/Ok(N−
1) Wess-Zumino-Novikov-Witten (WZNW) theory perturbed by a marginally relevant current-
current operator [17, 18, 15]. For the O(3) sigma model, discussed currently, the coset is a Zk
parafermion theory [17, 16] with an action SCFT and a deforming interaction determined by an
addendum [17, 18],
δS = −κ
∫
d2zΦ(z) , Φ(z) = ψ(z)ψ¯(z¯) +ψ†(z)ψ¯
†
(z¯) , (2.1)
where the measure d2z = 1
2
dzdz¯ is decomposed in terms of (anti)holomorphic variables (z¯ =
z2 − iz1) z = z2 + iz1. The parafermion currents ψ, ψ¯ and their charge conjugates, defined by
daggers, possess the mass dimension ∆k = 1− 1/k < 1. As a consequence, the coupling constant
κ has the dimension 2/k. It is relevant and the theory flows along the renormalization group
trajectory to strong coupling in the infrared.
The original parafermion theory is completely defined by the current algebra [17, 18]. How-
ever, since we are interested in the analysis of the perturbed model, we will aim at its path
integral description so as to have a local field theory with simple Feynman rules for calculation
of all correlation functions. It is well-known that Zk CFT can be described it as a gauged model
of free fermions [19, 20, 21, 22, 23, 27]. The Ok(3)/O(2) ∼ SUk(2)/U(1) coset arises from the
constrained fermion fields described by the action
SCFT =
1
2pi
∫
d2z ψ¯aα;m
(
δabδmn 6∂αβ + iδabtI;mn 6GIαβ + iδabδmn 6Aαβ + iτab3 δmn 6aαβ
)
ψb;nβ . (2.2)
Here the non-dynamical gauge fields are merely Lagrange multipliers. They are integrated out
in the path integral and provide the constraints in question. Namely, the kinetic term above
possesses U(2k) internal symmetry which is encoded by the SU(2) internal symmetry indices a =
1, 2 and n = 1, . . . , k of SU(k). The first interaction term eliminates the SU(k) while the second
one the U(1) currents, yielding level-k SUk(2) WZNW theory, SUk(2) ∼ U(2k)/[SU2(k)⊗U(1)].
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Finally, the last term involving the Cartan generator of SU(2), eliminates the remaining U(1)
and results in the SUk(2)/U(1) coset theory.
We can perform a transformation in the path integral to eliminate the gauge fields and
thus re-express the action by means of unconstrained free fermions χ. The (anti)holomorphic
components of the (non-)Abelian gauge fields Wµ = (Gµ, Aµ, aµ) can be cast in an almost “pure
gauge” form
W = i(∂¯UW )U
−1
W , W¯ = i(∂U¯W )U¯
−1
W . (2.3)
For Abelian fields, these can be parametrized by the pseudoscalar and scalar fields σ, ρ and θ, φ,
respectively, as follows
UA = e
−θ−iσ , U¯A = eθ−iσ , Ua = e−φ−iρ , U¯a = eφ−iρ . (2.4)
The σ, ρ fields are pure gauges and can be ignored. Performing the variable transformation in
the path integral,
ψ11 = UAUaUGχ
1
1 , ψ
1
2 = U¯AU¯aU¯G , ψ¯
1
1 = U¯
−1
A U¯
−1
a U¯
−1
G χ¯
1
1 , ψ¯
1
2 = U
−1
A U
−1
a U
−1
G χ¯
1
2 ,
ψ21 = U
−1
A U
−1
a U
−1
G χ
2
1 , ψ
2
2 = U¯
−1
A U¯
−1
a U¯
−1
G χ
2
2 , ψ¯
2
1 = U¯AU¯aU¯Gχ¯
2
1 , ψ¯
2
2 = UAUaUGχ¯
2
2 , (2.5)
one can rewrite the partition function in terms of free fermion and scalar fields. We neglected
here the SU(k) index to avoid cluttering formulas. The above transformation is accompanied
by a Jacobian1. For the Abelian fields, it simply yields an extra scalar kinetic term, while for
the non-Abelian ones, it produces the WZNW action [24, 25] with the central charge CWZNW =
2(k + 1)(k2 − 1)/(k + 2). The gauge fixing procedure (2.3) induces a ghost action [26] with
Cghost = −2(k2 + 1). We will not need their explicit form in what follows.
Rescaling the scalar fields φ → φ/√k and θ → θ/√k, we get the canonically normalized
kinetic terms in the resulting action, which read
SCFT = Sfree + Sghost + SWZNW , (2.6)
with
Sfree =
1
pi
∫
d2z
(
∂θ∂¯θ + ∂φ∂¯φ+ χ¯a1∂χ
a
2 + χ¯
a
2∂¯χ
a
1
)
. (2.7)
The central charge associated with it equals the number of degrees of freedom Cfree = 2(k + 1).
Combining the central charges for all components, one recovers the one for parafermions
C0 = Cfree + Cghost + CWZNW = 2
k − 1
k + 2
. (2.8)
Finally, all operators in the parafermion theory will be built from gauge-covariant fermions
[27, 28] by attaching a semi-infinite Wilson line to them stretching from their position all the
way to infinity
Ψ(z) = exp
(
−i
∫ ∞
z
dz · a(z)τ3
)
ψ(z) , (2.9)
1It can be easily seen to arise from the path integral, schematically∫
DψDψ¯ e−
∫
d2z ψ¯ 6Dψ =
det 6D
det 6∂
∫
DχDχ¯ e−
∫
d2z χ¯ 6∂χ.
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which, when expressed in terms of free fermions, read cumulatively
Ψa1 = e
σaϕ(z)/
√
kχa1(z) , Ψ
a
2 = e
−σaϕ¯(z¯)/
√
kχa2(z¯) , (2.10)
Ψ¯a1 = e
σaϕ¯(z¯)/
√
kχ¯a1(z¯) , Ψ
a
2 = e
−σaϕ(z)/
√
kχ¯a2(z) ,
with the sign factor σa being (−1)a and φ(z, z¯) = ϕ(z) + ϕ¯(z¯). The parafermion currents are
written in their terms as
ψ(z) =
1√
k
Ψ21(z)Ψ¯
1
2(z) , ψ¯(z¯) =
1√
k
Ψ22(z¯)Ψ¯
1
1(z¯) , (2.11)
ψ†(z) =
1√
k
Ψ11(z)Ψ¯
2
2(z) , ψ¯
†
(z¯) =
1√
k
Ψ12(z¯)Ψ¯
2
1(z¯) ,
where the SU(k) labels are not shown and are implied to be contracted pairwise. This form im-
mediately demonstrates the advantage of the fermion representation. First, one can immediately
reproduce parafermion operator product expansion [18] by merely applying the Wick theorem to
the above free-field representation as reviewed in Appendix A. Second, in spite of the fact that
constrained fermions do not endow the CFT model with an entirely free-field representation,
as there is a leftover WZNW interacting sector, the latter will factorize from all correlations
functions studied in this work. We should point out though that there exists a true free-field
representation for the theory of parafermions as a scalar theory with a background charge [29],
however, we will not use it in the current work.
3 Matching couplings
Before we proceed with the derivation of the anomalous dimensions of the twist field operators as
a function of the perturbing coupling, we have to find the relation between the coupling constant
of the O(3) sigma model and the strength of the perturbing term in the parafermionic model, we
will calculate the beta function in the latter theory by means of conformal perturbation theory.
Employing invariance of the partition function under the renormalization group transformation,∫
[DX]|z|<ae−SCFT−δS =
∫
[DX]|z|<Le−SCFT−δS , (3.1)
we can immediately deduce the renormalized coupling
κ(L) = Z(κ0, L)κ0 , Z(κ0, L) = 1 + κ20Z2(L) + . . . , (3.2)
where κ0 = κ(a) at the ultraviolet cutoff a, a < L, which can be safely set to zero. Here the
one-loop correction is determined by the integral
Z2(L) = 1
2
∫
d2z1d
2z2
〈ψ(0)ψ¯(0)ψ(z1)ψ¯(z¯1)ψ†(z2)ψ¯†(z¯2)ψ†(∞)ψ¯†(∞)〉c
〈ψ(0)ψ¯(0)ψ†(∞)ψ¯†(∞)〉
, (3.3)
where only the connected part of the four-point function contributes to the integrand. The
latter can be determined using the free-field Feynman rules emerging from field-theoretical rep-
resentation discussed in the previous section. Introducing the dimensionless coupling κR(L) =
L2−2∆kκ(L), one can find the beta function for perturbed parafermion model as
d κR(L)
d lnL
= α1κR(L) + α2κ
3
R(L) + . . . , α1 =
2
k
, α2 = L
1−4/k dZ2
dL
, (3.4)
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with
Z2(L) = 2
k2
∫
|z|≤L
d2z1d
2z2
|z1|4/k|z2|2−4/k|z12|2−4/k = pi
2L4/k
Γ(1− 4
k
)Γ2(1 + 2
k
)
Γ(1 + 4
k
)Γ2(1− 2
k
)
. (3.5)
The explicit result for the integral was obtained following the recipe of Refs. [30, 31] (see also
[32]). It is analogous to the ε-expansion [33], however, instead of the analytical continuation of
the space dimension [34], one continues the central charge, or which is the same, the operator
dimensions, so it is more alike the so-called analytical regularization [35].
For the case at hand, the regularization parameter is set by ε = 1/k. Rescaling the integration
variables z2 = z1z (z¯2 = z¯1z¯), calculating the z1 integral with a cutoff and using the result
provided in Eq. (B.1) in Appendix B for the remaining z integral, one obtains the right-hand
side in Eq. (3.5). The large-k dependence of the α` coefficients is in agreement with the result
for the beta function of a perturbed CFT invariant under level-k Kac-Moody symmetry broken
by current-current interactions [36, 37, 38, 39].
To find a relation between the O(3) sigma model coupling and the one of the parafermionic
perturbation, we find the renormalization group trajectory for the latter, which reads to leading
order accuracy (mL)2/k = const × piκR(L) and match it in the k → ∞ limit to the scale Λ of
dimensional transmutation in the O(3) model,
Λ = Lg2β1/β
2
0e1/(β0g
2)(1 +O(g2)) , (3.6)
quoted here to two-loop order [40, 41],
β(g) =
dg2(L)
d lnL
= −β0g4 − β1g6 + . . . , β0 = − 1
2pi
, β1 = − 1
(2pi)2
. (3.7)
The relation between the massm and Λ in the MS schemem = 8
e
Λ was found in Ref. [42], however,
the relative constant will be inconsequential for the matching to the order we are interested in.
This results in the relation
κR =
1
pi
(
1− 4pi
kg2
)
. (3.8)
Notice that we would obtain the same result have we used the so-called mass-coupling relation,
that was found by Fateev and Zamolodchikov for the case at hand [18]
m = c
k/2
k (piκ)
k/2 , ck = (4k)
2/kΓ(1 +
1
k
)
Γ(1− 1
k
)
, (3.9)
identifying const = ck such that limk→∞ αk = 1.
4 Perturbative instantons in running coupling
Up to the order ` < k − 1, there are only even powers of the coupling constant κ showing up
in the beta function for the perturbed model of parafermions. As was noticed in the seminal
paper [18], the order ` = k is peculiar since it provides the simplest topologically nontrivial
contribution for the vacuum energy. Here we will consider its manifestation in the renormalization
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of the coupling. The integral accompanying the relevant power of the coupling κk−20 in the
renormalization constant Z(κ0, L) is
Zk−2(L) = 1
(k − 1)!
∫
|z|≤L
d2z1 . . . d
2zk−2
〈ψ(z1)ψ¯(z¯1) . . .ψ(zk−2)ψ¯(z¯k−2)ψ(0)ψ¯(0)ψ(∞)ψ¯(∞)〉
〈ψ†(0)ψ¯†(0)ψ(∞)ψ¯(∞)〉
.
(4.1)
The ratio of the correlation functions can be represented as a Vandermond determinant〈∏k
i=1ψ(zi)ψ¯(z¯i)
〉
〈ψ†(zk−1)ψ¯†(z¯k−1)ψ(zk)ψ¯(z¯k)〉
= (−1)k(k−1)/2 (k!)
2
kk
|detzj−1i |−4/k
|zk−1,k|4/k−4 . (4.2)
Because of the equivalence, ψ†` = ψk−`, one can easily calculate the symmetry factor emerging
from fermions 〈∏ki=1 (χ21(z)χ¯12) (zi)〉 = k!, where for consistency the condition z2k(mod k) = 1 was
implied. Relying again on the same regularization procedure as alluded to above, it corresponds
to the introduction of a k-dependent regularization parameter to accommodate the case at hand
1
k
=
1
k0
+ εk , (4.3)
where k0 = k−1 with 1/εk = k(k−1). Rescaling the integration variables in (4.1) and evaluating
the integral over the overall scale with an infrared cutoff L yields a factor L2εk(k−2)(∆k−1)/(2εk(k−
2)(∆k − 1)) such that one can set εk = 0 in the accompanying (k − 3)-fold integral over the
remaining coordinates. The last step allows one to immediately use generic Dotsenko-Fateev
integrals [43, 44], which were demonstrated to reduce to products of Selberg integrals [45],
Zk−2(L) = pik−2(k − 2)3
[
k − 1
k
Γ(1 + 1
k−1)
Γ(1− 1
k−1)
]k−1
L2εk(k−2)(∆k−1)
εk(k − 2)(∆k − 2) , (4.4)
with the conventional notation for the Pochhammer symbol (k−2)3. Performing naive subtraction
of infinities, one finds the following correction to the beta-function (3.7)
βinst(g) = cinst
e−4pi/g
2
g4
, cinst = 2
7pi3e−1−2γE . (4.5)
The dependence of the beta function on the coupling constant is consistent with explicit study
of instantons in the renormalization of the coupling of the O(3) sigma model [46].
5 Twist operators and effective central charge
As we explained in the introduction, the twist operator generating pentagon transitions create
an excess angle 1
4
(2pi), yielding a factional number n = 5
4
of two-dimensional theory replicas.
Since the dependence on n is anticipated (and will be found) to be an rational function, we can
work with integer n’s and then analytically continue to the value of interest. Thus, we consider
an n-fold replication of the theory and introduce ramification points defined by the condition
that when a field is brought around them it passes to the lower sheet of the Riemann surface,
6
  
 
Figure 2: Mapping the plane replicas into the cylinder under the conformal transformation
z = ew. The insertion of the twist operator merges n copies of the cylinder of radius R = 2pi into
one of radius 2pin. In this picture for simplicity of the representation n = 3.
as shown in Fig. 2 for the particular case of n = 3. The branching point corresponds to the
insertion of the twist operator T .
To find the scaling dimension of the operator T in the original parafermion CFT, it proves
convenient to use the operator-state correspondence and map the complex plane into a cylin-
der. Conformal transformation to the cylinder z = exp (2piw/R) of radius R with the peri-
odic coordinate w ∼ w + iR, yields the expectation value for the energy momentum tensor
in terms of the conformal anomaly 〈Tcyl〉 = − C24(2pi/R)2 and thus gives the Casimir energy
E = − C
12
(2pi/R). The dimension of the operator is given by the difference of vacuum energies
∆T = −R/(2pi)[E−∞ − E∞]. Since the initial space is n copies of the cylinder the energy is
E−∞ = −n C12(2pi/R), while after its insertion it merges the n copies into a single cylinder with
circumference nR, so that E∞ = − 1n C12(2pi/R), such that
∆T =
C
12
(
n− 1
n
)
. (5.1)
Generally, the renormalization group flows of the central charge and the scaling dimension ∆T
in the perturbed theory are different [47] so that ∆T (κ) 6= C(κ)(n− 1/n)/12 as a function of the
strength κ. However, the first term in 1/k-series is expected to be the same since it arises from
the leading deviation from the CFT behavior.
Let us calculate the effective central charge C(κ), using finite volume effects [48, 49]. Its
perturbative expansion reads
C(κ) = C0 +
∑
`=1
C2`κ
2` , (5.2)
where the central charge of the parafermions is given in Eq. (2.8) and the expansion coefficients
in conformal perturbation theory are [50, 51]
C` = 24pi
∫
z1=1
d2z2 . . . d
2z`
〈Φ(z1)Φ(z2) . . .Φ(z`)〉
|z1|2(1−∆k) . . . |z`|2(1−∆k) , (5.3)
with the integrand defined by the correlation function is calculated on the infinite plane and the
Jacobian stemming from the map from the cylinder. There are only even powers of κ showing
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up in the expansion up to the order ` = k. The multipoint correlation functions can be easily
evaluated with the free-field Feynman rules, e.g.,
〈Φ(z1)Φ(z2)〉c = 1|z12|4−4/k , (5.4)
〈Φ(z1)Φ(z2)Φ(z3)Φ(z4)〉c = 24
k2
|z13|4/k−2|z14|4/k−2|z23|4/k−2|z24|4/k−2
|z12|4/k|z34|4/k , (5.5)
such that the first two terms in the κ2 expansion arise from the integral∫
z1=1
d2z2
〈Φ(z1)Φ(z2)〉
|z1|2(1−∆k)|z2|2(1−∆k) =
Γ2(1− 1
k
)Γ(−1 + 2
k
)
Γ2( 1
k
)Γ(2− 2
k
)
, (5.6)
while the second one is deferred to Appendix B due its lengthy form. Since we are after the
large-k limit, all we have to do for higher order terms is to estimate their asymptotics as k →∞.
We find for even `
C`>0 = −12pi
`
k
+O(1/k3) . (5.7)
Summing these up, together with the O(1/k) term emerging from the expansion of the central
charge (2.8), one gets
C(κ) = 2− 6
k
1 + (piκ)2
1− (piκ)2 +O(1/k
3) . (5.8)
After substitution of the relation between parafermionic and sigma model couplings (3.8) and
taking the limit, one deduces
CO(3)(g) = lim
k→∞
C(κ) = 2− 3g
2
2pi
+ . . . . (5.9)
This result, obtained here by resummation of conformal perturbation series, is in agreement with
the result of Ref. [52] derived from the large-N study of the O(N ) nonlinear sigma model [53, 54].
The expression of the effective central charge and, as a consequence, of the anomalous dimension
of the twist field can be cast in the form of the expansion in terms of inverse ’t Hooft constant
λ by means of its relation to the O(3) coupling g, g2 = 1/(2
√
λ).
6 Conclusions
In this paper, we used the duality of the O(3) model to the perturbed model of parafermions
as a means to compute anomalous dimensions of branch-point twist operators. Starting with
CFT in the ultraviolet, we used conformal perturbation theory to calculate its flow towards
strong coupling in the infrared. In fact, to determine the leading order correction in the original
sigma model coupling g, we had to resum all terms in the κ series accompanying the leading
1/k asymptotics in the Kac-Moody level k. This makes the derivation of higher order terms in
g series quite involved.
The consideration of this work can be generalized to any N in O(N ) making use of the
results of Refs. [15, 29]. However, it appears more fruitful to pursue the route of finding an
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explicit realization of branch-point twist operators in terms of elementary fields building up the
Lagrangian. While the fermionic sector was known since the inception [9, 10, 11], a proposal for
scalar fields was put forward only recently [55]. We will report on this analysis elsewhere.
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A Parafermion algebra
The free-field representation
ψ`(z) =
√
(k − `)!
k!`!
e+2`ϕ(z)/
√
k
(
χ21(z)χ¯
1
2
)`
(z) , (A.1)
ψ†`(z) =
√
(k − `)!
k!`!
e−2`ϕ(z)/
√
k
(
χ11(z)χ¯
2
2
)`
(z) ,
ψ¯`(z¯) =
√
(k − `)!
k!`!
e−2`ϕ¯(z¯)/
√
k
(
χ22(z¯)χ¯
1
1
)`
(z¯) ,
ψ¯
†
`(z¯) =
√
(k − `)!
k!`!
e+2`ϕ¯(z¯)/
√
k
(
χ12(z¯)χ¯
2
1
)`
(z¯) ,
allows one to easily calculate the operator algebra [16]
ψ`1(z1)ψ`2(z2) = C`1,`2z
−2`1`2/k
12 ψ`1+`2(z2)[1 +O(z12)] , (A.2)
ψ`1(z1)ψ
†
`2
(z2) = C`2,k−`1z
−2`2(k−`1)/k
12 ψ`1−`2(z1)[1 +O(z12)] ,
ψ`(z1)ψ
†
`(z2) = z
−2`(k−`)/k
12 [1 +O(z12)] ,
where the structure constants are
C`1,`2 =
[
(k − `1)!(k − `2)!
k!(k − `1 − `2)!
(`1 + `2)!
`1!`2!
]1/2
. (A.3)
B A couple of integrals
The two-point correlation function generates the integral
J1 =
∫
d2z|z|2a|1− z|2b . (B.1)
There are a several methods one can use to calculate integrals of this type. One is based on
conventional Schwinger parametrization of “propagators” building up the integrand. Namely,
making use of
|z|2a = 1
Γ(−a)
∫ ∞
0
dαα−a−1e−α|z|
2
. (B.2)
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Substituting this parametrization for both factors in the integrand, decomposing it in terms of
holomorphic and antiholomorphic variables, d2z = 1
2
dzdz¯ and integrating the result with respect
to, say, z¯, one immediately gets
J1 = pi
Γ(−a)Γ(−b)
∫ ∞
0
dα1α
−a−1
1
∫ ∞
0
dα2α
−b−1
2
∫ ∞
−∞
dze−(1−z)α2δ(zα1 − (1− z)α2) . (B.3)
The the positivity of the integration range of the Schwinger parameters, the argument of the
delta function restricts the interval of z to 0 ≤ z ≤ 1. Rescaling the α variables as α1 → α1/z
and α2 → α2/(1− z), the integrand factorizes and one gets
J1 = pi
Γ(−a)Γ(−b)
∫ 1
0
dzza(1− z)b
∫ ∞
0
dα1
∫ ∞
0
dα2δ(α1 − α2)α−a−11 α−b−12 e−α2 . (B.4)
The first integral produces the Euler beta function, while the second gives the Euler gamma
function yielding
J1 = piΓ(−1− a− b)
Γ(−a)Γ(−b)
Γ(1 + a)Γ(1 + b)
Γ(2 + a+ b)
. (B.5)
The other way to find the value of this integral is to perform the reduction to a product
of Selberg-type integrals, see, e.g., [45], following the procedure developed by Dotsenko and
Fateev [43, 44]. It starts with the analytic continuation of the integral with respect to the second
component z2 of the Euclidean two-vector z = (z1, z2) into the complex plane with the integration
path running close to the imaginary axis
z2 → iz2(1− i0+) . (B.6)
Introducing the light-cone variables z± = z1± z2, the z− integral carries over information on the
position of branch points, or which is the same, the deformation of the contour off the real axis,
J1 = i2
∫ ∞
−∞
dz+z
a
+(1− z+)b
∫ ∞
−∞
dz−[z− + i0+(z+ − z−)]a[1− z− − i0+(z+ − z−)]b . (B.7)
Decomposing the entire z+ axis into three intervals
S+1 : −∞ < z+ ≤ 0 , S+2 : 0 ≤ z+ ≤ 1 , S+3 : 1 ≤ z+ <∞ , (B.8)
imposes constraints on the position of the branch points and as a consequence yields the inte-
gration contours in z− shown in Fig. 3. Only the second region gives the integration contour
S−2 that results in nonvanishing z− integral. Namely, by deforming the contour as shown in the
picture below the original ones, we pick up a discontinuity such that
J1 = i2
∫ 1
0
dz+z
a
+(1− z+)b
∫
S−2
dz−za−(1− z−)b
= −s(b)
∫ 1
0
dz+z
a
+(1− z+)b
∫ ∞
1
dz−za−(z− − 1)b , (B.9)
where here and below s(α) ≡ sin(piα). Making use of the well-known relation sin(pib) =
−pi/ (Γ(−b)Γ(1 + b)), one verifies that the two results do coincide.
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Figure 3: Thee integration contours S−α arising from intervals in z+ variable (top row). The
deformation of the middle one picks up a discontinuity across the cut and produces nonvanishing
contribution. The other two give zero.
Let us turn to the next term, i.e., the three-fold integral
J3 =
∫
d2z1d
2z2d
2z3|z1|2a|1− z1|2b|z2|2c|z3|2c|1− z2|2d|1− z3|2d|z12|2f |z13|2f |z23|2g . (B.10)
Performing the analysis identical to the above, there are six regions in z+ variables that induce
nonvanishing contributions
S+1 : 0 ≤ z2+ ≤ 1, 0 ≤ z3+ ≤ z2+, 0 ≤ z1+ ≤ z3+,
S+2 : 0 ≤ z2+ ≤ 1, 0 ≤ z3+ ≤ z2+, z3+ ≤ z1+ ≤ z2+,
S+3 : 0 ≤ z2+ ≤ 1, 0 ≤ z3+ ≤ z2+, z2+ ≤ z1+ ≤ 1,
S+4 : 0 ≤ z2+ ≤ 1, z2+ ≤ z3+ ≤ 1, 0 ≤ z1+ ≤ z2+,
S+5 : 0 ≤ z2+ ≤ 1, z2+ ≤ z3+ ≤ 1, z2+ ≤ z1+ ≤ z3+,
S+6 : 0 ≤ z2+ ≤ 1, z2+ ≤ z3+ ≤ 1, z3+ ≤ z1+ ≤ 1, (B.11)
and corresponding integration contours in z− variables that are examplified in Fig. 4. Deforming
the latter as shown in the middle graph in Fig. 3, we find
J3 =− 2s(b)s(d) [s(d) + s(d+ g)] J−1 J+1 − 2s(b)s(d) [s(d+ f) + s(d+ f + g)] J−1 J+2
− 2s(b)s(d+ f) [s(d+ g) + s(d+ f + g)] J−1 J+3 − 2s(d)s(b+ f) [s(d) + s(d+ g)] J−2 J+1
− 2s(d) [s(b)s(d) + s(b+ f)s(d+ f + g)] J−2 J+2 − 2s(d)s(b) [s(d+ f) + s(d+ f + g)] J−2 J+3
− 2s(d)s(b+ 2f) [s(d) + s(d+ g)] J−3 J+1 − 2s(d)s(b+ f) [s(d) + s(d+ f)] J−3 J+2
− 2s(d)s(b) [s(d) + s(d+ g)] J−3 J+3 , (B.12)
where there are just three Selberg-type integrals emerging from plus and minus components each
of the the two-dimensional integrals. They read
J+1 =
∫ 1
0
dz2
∫ z2
0
dz3
∫ z3
0
dz1z
a
1(1− z1)bzc2(1− z2)dzc3(1− z3)d(z2 − z1)f (z3 − z1)f (z2 − z3)g ,
(B.13)
J+2 =
∫ 1
0
dz2
∫ z2
0
dz3
∫ z2
z3
dz1z
a
1(1− z1)bzc2(1− z2)dzc3(1− z3)d(z2 − z1)f (z1 − z3)f (z2 − z3)g ,
(B.14)
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Figure 4: Six contours generating contributions to four-point correlation function.
J+3 =
∫ 1
0
dz2
∫ z2
0
dz3
∫ 1
z2
dz1z
a
1(1− z1)bzc2(1− z2)dzc3(1− z3)d(z1 − z2)f (z1 − z3)f (z2 − z3)g ,
(B.15)
J−1 =
∫ ∞
1
dz2
∫ z2
1
dz3
∫ z3
1
dz1z
a
1(z1 − 1)bzc2(z2 − 1)dzc3(z3 − 1)d(z2 − z1)f (z3 − z1)f (z2 − z3)g ,
(B.16)
J−2 =
∫ ∞
1
dz2
∫ z2
1
dz3
∫ z2
z3
dz1z
a
1(z1 − 1)bzc2(z2 − 1)dzc3(z3 − 1)d(z2 − z1)f (z1 − z3)f (z2 − z3)g ,
(B.17)
J−3 =
∫ ∞
1
dz2
∫ z2
1
dz3
∫ ∞
z2
dz1z
a
1(z1 − 1)bzc2(z2 − 1)dzc3(z3 − 1)d(z1 − z2)f (z1 − z3)f (z2 − z3)g .
(B.18)
For brevity, we dropped the ± subscripts from the integration variables.
Analogously, one addresses higher point integrals. The analysis is tedious but straightforward.
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